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1. INTR~OUCTI~N 
If n > 2 then the symmetric group Sdn+ 1 of degree 4n + 1 is a proper 
subgroup of an orthogonal group O,,(2) [l, p. 125; 5, p. 2281. This O,,(2) 
is a “first” orthogonal group O,+,(2) corresponding to a nondegenerate 
quadratic form of dimension 4n over the field of two elements with Witt 
index 2n when n is even, and is a “second” orthogonal group O&(2) 
corresponding to a quadratic form with Witt index 2n - 1 when n is odd [5, 
p. 2341. In [5, p. 2351 I proved that if n > 2 then S,,,, is a maximal 
subgroup of O,,(2): the condition n > 2 is necessary since if n = 1 then there 
is the well-known isomorphism S, z 0; (2). The transpositions of S,, + , are 
transvections of O,,(2) [5, p. 2311. Hence the intersection of S,,, 1 with the 
special orthogonal group SO,,(2) is a subgroup of index 2 of S,,, , and so is 
the alternating group A,,,, of degree 4n + 1. In this paper I prove that if 
n > 2 then Ad,,+, is a maximal subgroup of SO,,(2) (Theorem 2). It is, of 
course, not universally true that if H is a maximal subgroup of a group G 
and G has a subgroup K of index 2 and not containing H then H n K is 
maximal in K, even if K is simple. 
There is an analogous situation for S,, +4. If n > 2 then [5, p. 235 ] Sdn+ 4 
is a maximal subgroup of an orthogonal group O,,+,(2). This O,,+,(2) is 
O:,,+,(2) if n is odd and O;,,+,(2) if n is even [5, p. 2341. Again we must 
exclude the case n = 1 because of a standard isomorphism, in this case 
S, z O,‘(2). Since [5, p. 2331 transpositions of S4n+4 are transvections of 
04n+ 2(2) the intersection of S,,,, and SO,,+,(2) is the alternating group 
A 4n+4, Here I prove (Theorem 2) that if n 2 2 then A4n+4 is a maximal 
subgroup of SO,, + *(2). 
Essentially the same argument proves both the maximality of Adn+ 1 in 
SO,,(2) and the maximality of A4n+4 in SO,,+,(2). The configurations of 
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which Ad,,+, and A4n+4 are the stabilizers in SO,,(2) and SO,,+,(2), respec- 
tively, are just those configurations whose stabilizers in O,,(2) and O,,+,(2) 
are S4n+l and S4n+4v respectively. These are obtained and described in [5]. 
A little more information has to be obtained from these figures and the 
results of [5] are used. But the crux of the matter is the appeal to 
Stellmacher’s theorem [ 10, p. 3201 cataloguing groups generated by a 
conjugacy class of elements with order 3 satisfying certain other simple 
conditions; these are spelt out in detail in Section 2.4. The elements of order 
3 that we encounter arise from the 3-cycles of the alternating groups. 
Stellmacher’s theorem depends on deep results of Aschbacher, Fischer and 
Timmesfeld; some of the sporadic simple groups appear in his catalogue. 
Thus the proof of the maximality results of this paper is intrinsically deeper 
than the proof of the maximality results of [ 51 where McLaughlin’s list [ 71 
of irreducible linear groups over GF(2) that are generated by transvections is 
used in place of Stellmacher’s theorem. 
If m > 9 then the least d such that A, is a subgroup of &C,(2) is m - 2 if 
m is even and m - 1 if m is odd. Wagner [ 11, p. 1271 further states that, for 
these m, A, has a unique faithful representation of degree d over GF(2) to 
within conjugacy in &C,(2), though he omits details for A,[ll, p. 1341. In 
fact as he admits at the end of [ 12, p. 1141 the statement about uniqueness 
for A, is false. SO,‘(2) has an outer automorphism of order 3 and has three 
conjugacy classes of subgroups isomorphic to A, giving three inequivalent 
representations of A, [4, pp 530, 536, 5401. However, for A, its d is 8: if, as 
in this paper, only the value of d is wanted it is possible to give a proof 
shorter than Wagner’s arguments. Moreover, it is known [4, p. 5501 that A, 
is maximal in SOi (2). For A4n+3 (n > 2) we have d = 4n + 2 and so since 
A 4n+3 <A4n+4 < SO4,+2(2) we can expect no maximality result for A4n+3 in 
a classical group over GF(2). Similarly for Ad”+* with d = 4n: if n > 2 then 
S ,,,,+* is maximal in Q,,(2) [S, p. 2351 which is simple and has no subgroup 
of index 2. 
2. SOME PRELIMINARIES 
2.1. Take, in projective space of dimension 2N - 1 over GF(2), 2N 
linearly independent points Xi, X, ,..., X,,. A point X will have coordinates 
( x, , x2 ,..., x,,) with respect to this base. Notice that since GF(2) has just one 
nonzero member the projective space is just a vector space less its origin. So 
a point has a unique set of coordinates and a projectivity has a unique 
matrix. The points X,, X, ,..., X,, are the vertices of a simplex and there is a 
unique point, the ‘I;l;it’ point 
X 2N+* =x, +x, + *-* +x,, (1) 
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with coordinates (1, l,..., l), not in any hyperplane face of this simplex. 
Denote the polygon with vertices X,,XZ,...,X2,,,, XZN+I by 9’. By the 
Fundamental Theorem of Projective Geometry there is a unique projectivity 
achieving each permutation of X, ,XZ,...,XZN+ r ; the group of .Y is S,,, , 
acting on X, , X, ,..., X,,, , . 
Consider the action of the alternating subgroup AZ,,,+, of S,,, r. Each 
point is the unique sum of one or more of X,,X2,...,X2,,,. Now (1) is the 
only linear relation connecting X, , X, ,..., X2,,,, X,,, r . Hence, by (l), each 
point is the unique sum of at least one and at most N of 
X,, X2,..., X2N, X2,+, . Since A,,, , is N-ply transitive there are N orbits of 
points under AzN+,: the rth orbit, 1 < r < N, contains X, + X, + .. - +X, 
and has size (‘“,! ’ ). 
Suppose that U is a nonempty projective subspace fixed by AzN+, . Then U 
will contain a point of some orbit; suppose it contains a point of the rth 
orbit. Then U contains all points of the tih orbit, and, in particular, contains 
the sum of any I of X,, X2 ,..., X2,. Hence if cf”, aixi = 0 is any hyperplane 
containing U then the sum of any r of the ai is zero, and so the a, are all 
equal. Hence the only possibility for U, apart from the whole space, is the 
hyperplane x, + x2 + .a. + xZN = 0. This hyperplane is not fixed by AzN+ I ; it 
contains the point X, +X2 of the second orbit though not the point 
x, +x2N+, of the second orbit. Hence AZN+ , acts irreducibly. 
2.2. Suppose, here, that N = 2n. Then [5, p. 2281 there is a unique 
nondegenerate quadric Q, containing the vertices of 9 but not the third 
point of each edge of Cp, namely, 
Qo: rci~GdnXixj=O* (2) 
Further [5, p. 2291 the stabilizer of Y’ in the group O,,(2) of Q, is the S,, + I 
of 9’. Hence, by Section 1, the stabilizer of 9 in SO,,(2) is the A,,,, + I of Y. 
Since the transpositions of S,, + r are the transvections of O,,(2) centred on 
the nonvertex edge points of 9 [S, p. 2291, the 3-cycles of A4n+l are the 
products of noncommuting transvections. 
2.3. Suppose, next, that N = 2n + 1. There is a unique nondegenerate 
quadric Q that contains no point of an edge of .Y [5, p. 2321: let O,,,+,(2) 
be the group of Q. From the points on the edges of 9 one can construct a 
set of 4n + 4 polygons of which .Y is one [5, p. 2321. The stabilizer of this 
set of polygons in 0,” + 2(2) is S,, + 4 acting on them, and the stabilizer in this 
of 9 is the S,,,, of 9 [5, p. 2321. Hence the A4n+4 that is the stabilizer in 
SO,,+,(2) of the set of 4n + 4 polygons (see Section 1) contains the A4n+3 
of 9’. Hence, by Section 2.1, A4n+4 acts irreducibly. The transpositions of 
S 4n+4 are transvections of 04n+2 (2) [5, p. 2331. Hence the 3-cycles o~A~,,+~ 
are products of noncommuting transvections. 
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2.4. It will be convenient to have to hand 
THEOREM 1 (Stellmacher [ 10, p. 3201). Let G be a finite group with the 
following properties : 
(A) G is generated by a conjugacy class g of elements with order 3; 
(B) Any two noncommuting elements of 5% generate a subgroup 
isomorphic to A,, A, or SLz(3); 
(C) There is a pair of noncommuting elements of ?? that generate a 
subgroup isomorphic to A, ; 
P) O,(G) = 1; 
(E) Z(G) = 1. 
Then G is isomorphic to one of the following groups: (a) an Sp,,(2) for 
m > 3; (b) an SO,,(2) for m > 3, (c) an A,,, for m 2 5; (d) the Hall-Jar&o 
sporadic simple group HJ; (e) the Chevalley group G,(4); (f) the Suzuki 
group Sz; (g) the first Conway simple group Co(.l). 
Each of the groups listed in (a) to (g) does satisfy conditions (A) to (E). 
Apart from A, and SO,‘(2) only one class of each group will serve as Q 
[ 10, p. 3201. For the A,,, the class of 3 cycles will serve as g, and for the 
SO,,(2) the class of products of pairs of noncommuting transvections will 
serve as @: see [ 12, p. 3481; the transvections are 3-transpositions in the 
sense of Fischer [6]. 
3. THE MAXIMALITY THEOREM 
Enough of the scenery has been painted to allow us to proceed to our 
main 
THEOREM 2. Suppose that n > 2. Then: 
(9 A&l+, is a maximal subgroup of SOi”(2) tf n is even; 
6) 4,,+, is a maximal subgroup of SOJ2) tf n is odd; 
(iii> Ad,,+., is a maximal subgroup of SO, + 2(2) if n is even; 
0~) 4n+4 is a maximal subgroup of SO,++ 2(2) if n is odd. 
Proof: The O,,(2) of Section 2.2 is an Ozn(2) if an only if n is even [5, p. 
2341. Hence, in order to prove (i) and (ii) we must show that the Adn+ 1 of 
Section 2.2 is maximal in its SO,,(2). Likewise, since [S, p. 2341 the 
O,,+,(2) of Section 2.3 is an Of 4n+2(2) if and only if n is odd, to prove (iii) 
and (iv) we must show that the A4n+4 of Section 2.3 is maximal in its 
SO,“, 2w. 
Let H be one of Ad”+,, Ad,,+.,, and let K be the corresponding one of 
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SO,,(2), SO,,+,(2). Let t be a transposition of the symmetric group 
containing H; as described in Sections 2.2 or 2.3 accordingly to the two 
possibilities for H. Then 
H’= H. (3) 
Suppose that 
H<G<K, (4) 
and that 1 G] is the smallest order of a subgroup of K that properly contains 
H. To prove the Theorem we need only show that G = K. 
Since (Sections 2.2, 2.3) t is an orthogonal transvection and K is a normal 
subgroup of index 2 in the corresponding full orthogonal group, (K, t) is the 
full orthogonal group and K’ = K. Hence, by (3) and (4), 
H=H’<G’<K’=K. 
Hence, by (4), H < G f? G’ <K. Thus, by the minimality of ] G], either 
G n G’ = G or G n G’ = H. Suppose that the first possibility holds. Then 
G= G’ so that G(t)= (G, t) is a subgroup of (K, t) containing the 
symmetric group (H, t). Since (Sections 2.2, 2.3) (H, t) n K = H we see, 
from (4) that (H, t) < G(t). Since the symmetric group (H, t) is maximal in 
the orthogonal group (K, t) = K(t) [5, p. 2351, G(t) = K(t). Hence 
G = G(t) n K = K, as we required. 
Henceforth we assume that the second possibility holds, i.e., 
GnG’=H. (5) 
We aim to show that G satisfies the conditions of Theorem 1. Let Q be the 
conjugacy class of H consisting of its 3-cycles. Let g be the conjucacy class 
of G containing Q. The elements of g have order 3. 
(A) We show first that N,(H) = H. Let N = N,(H). Hence, by (3) 
and the equality K = K’, we have N = N,(H’) = N’. Thus N(t) = (N, t) is a 
subgroup of K(t) containing (H, t). So, by the maximality of (H, t) in K(t), 
either N(t) = (H, t) or N(t) = K(t). In the first case N=N(t)n K = 
(H, t) fl K = H; as required. In the second case N = N(t) f? K = K, and so K 
has a nontrivial proper normal subgroup H. This contradicts the simplicity 
of the special orthogonal group K [2, pp. 216, 3081. Hence N,(H) = H. 
Let L be the subgroup of G generated by the elements of @. Then L I! G. 
Since Q c C@ and H is generated by its 3cycles we have H < L. But H &-I G 
as N,(H) = H. Hence H < L < G. Hence, by the minimality of ] G ], we have 
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L = G. Hence G is generated by its conjugacy class g of elements with 
order 3. 
(B) Each element of %? is the product of a pair of noncommuting 
orthogonal transvections (Section 2.2, 2.3). Hence so is each element of g. 
The dimension of K is either 4n or 4n + 2 and so is at least 8. Hence, by the 
remarks in the last paragraph of Section 2.4, g is the intersection of G with 
a class of the special orthogonal group K that satisfies the conditions of 
Theorem 1 as it applies to K. Hence any two noncommuting elements of ‘?? 
generate a subgroup isomorphic to A,, A, or SL,(3). 
(C) By the remarks in Section 2.4 a class of H that satisfies the 
conditions of Theorem 1 as it applies to H is 5Y. Hence there is a pair of 
noncommuting elements of Q, and thus of g that generate a subgroup 
isomorphic to A 5. Alternatively one may note that Q, and thus g, contains 
the 3-cycles (123) (145) of H and that these generate A 5. 
(D) A nondegenerate quadratic form of dimension 2N over GF(2) has 
(2N T 1)(2N-’ f 1) zeros other than the origin, the upper signs being taken 
if and only if the Witt index is N [9, p. 3021. This number is odd. Hence 
each Sylow 2-subgroup of K is contained in the stabilizer in K of some point 
on the corresponding quadric. In fact a Sylow 2-subgroup is the stabilizer of 
a flag. O,(G) is a 2-subgroup of K, so there is a point X fixed by all 
members of O,(G). Let h E H and g E O,(G). Since O,(G) 4 G and H < G, 
g* E O,(G) and so fixes X. Hence g fixes hX. Hence every element of O,(G) 
fixes each point of the subspace (hx: h E X). But H fixes this subspace, and 
H acts irreducibly (Section 2.1). Hence (hX: h E X) is the whole space, and 
so every element. of O,(G) fixes each point of the whole space. Hence 
O,(G) = 1. 
(E) From the proof of condition (A) we have N,(H) = H. Hence 
C,(H) < N,(H) = H. Thus C,(H) is the centre of the alternating group H. 
Hence since H has degree at least 9, C,(H) = 1. Thus, by (4), 
Z(G) < C,(H) = 1 and so Z(G) = 1. 
The conditions of Theorem 1 are thus all satisfied and so G is one of the 
groups of the list (a) to (g) in the statement of Theorem 1. Numerical 
considerations can be applied to the cases in turn. Write dim K for the 
dimension of the vector space on which K acts; dim K is 4n if H is A,,, , 
and is 4n + 2 if H is A4n+4. 
(a), (b). Suppose that G is a Q,,(2) or an SO,,(2) for m ) 3. By the 
Theorem of Wagner discussed in Section 1 the least d such that H is a 
subgroup of .X,(2) is d = dim K. Hence the left-hand containment of (4) 
demands that 
dim K < 2m. (6) 
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Now [2, p. 308; 3, pp. 69, 701 
m-1 
]SO,,(2)] = 2m(m-i)(2m ‘f 1) n (2*‘- l), 
i=l 
the upper sign being taken if and only if SO,,(2) is an SOzJ2). Further [2, 
p. 308; 3, p. 501 
I Sp,,(2)1 = 2m-‘(2m + 1) I so:,(q~. (8) 
From (7) it follows that if G is an SO,,(2) with 2m > dim K then ]K] is a 
proper factor of ]G(, and from (7) and (8) that if G is an Sp,,(2) with 
2m > dim K then ]K] is a proper factor of 1 G ]. Hence, from the right-hand 
containment of (4) if G is an SO,,(2) then 2m < dim K while if G is an 
Sp,,(2) then 2m < dim K. Hence, from (6), G is an SO,,(2) with 
2m = dim K. From (7), neither of ]SO&(2)] and ]SO;m(2)] divides the other. 
Hence, from (4), G is an SO,,(2) of the same type as K. Hence I G I = ] KI 
and so, from (4), G = K; as required. 
(c) Suppose that G is an A,,,. Since H < G we have m > 4n + 1 or 
m > 4n + 4 according as H=A4n+l or H= A,,,,. In any case m > 10. By 
Wagner’s theorem the least d such that A, is a subgroup of Z,(2) is 
d = m - 1 or d = m - 2 according as m is odd or even. Hence, since G ( K, 
we must have m - 2 < 4n if H is A4”+ i and m - 2 < 4n + 2 if H is A4n+4. 
Hence if H is A4n+4 we cannot have the possibility G = A,,, , while if H is 
A 4n+, the only possibility is G = A4,,+ *. 
Suppose, then, that H = A.,,,+, and G = Ad,,+*. Return to the configuration 
of Section 2.2. Denote the centre of the transvection t by T, and let 
J= Stab, T. Since t commutes with all members of O,,(2) that fix T we have 
J< G’, and so, by (5), J= Stab,(T). But (Section 2.2) T is a point off Q, on 
an edge of 9 and so lies (Section 2.1) in the second orbit of points under 
A 4n + , whose size is ( 4nc i ) = 2n(4n + 1) and whose typical point is X, + X, . 
Thus the orbit under G of T has size 
IG:JI = IG:HI lH:JI = (4n + 2) 2n(4n + 1). 
H must act on this set of 2n(4n + 1)(4n + 2) points off Q, and thus on the 
subset of 
2n(4n + 1)(4n + 2) - 2n(4n + 1) = 2n(4n + l)* 
points not in the orbit of T under H. The rth orbit (1 < r < 2n) of H = A,, + , 
has size ( 4n:1 ) and representative point X, + X, + . . . + X, (Sections 2.1, 
2.2). This point is, by (2), off Q, if and only if r(r - 1)/2 is odd; the only 
r < 6 for which this occurs are r = 2 and r = 3. Hence 2n(4n + 1)’ is the 
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sum of some of the ( 4”,! r ) for which 3 < I < 2n and r(r - 1)/2 is odd. 
Suppose that a ( 4n:1 ) with I > 6 appears in this sum; necessarily then n 2 3. 
Since then (4n - 1)/(4n + 1) > 1 l/13 and ( 4ns+‘) increases steadily with s 
for 1 < s < 2n we have 
C”“,’ ‘1 
2n(4n + 1)’ ’ 
C4”6+ ‘1 (4n - 1)(4n - 2)(4n - 3)(4n - 4) 
2n(4n + 1)’ = (4n + 1). 360 
11. g3 5632 
> 11(4n-4)3 
13 . 360 
> ’ --=m> 
4680 
1. 
This contradicts the obvious sum requirement ( 4n: ’ ) < 2n(4n + l)*. Hence 
the only (“‘,?I ) that can occur in the sum is that with r = 3. But 
( 4”: ’ ) = 2n(4n + l)* yields 2n = -1; an absurdity. Hence G cannot be an 
A rn’ 
(d), (e) Suppose that G is HJ or G,(4). Since /HJ] = 2’ . 33 . 35 . 7 
and ] G,(4)] = 2’* . 33 . 5*. 7. 13[8, p. 2471 the 3-part of ]GI shows that IA91 
is not a factor of 1 GI. But H has degree at least 9 and so is divisible by [A,[. 
We have a contradiction to (4). Thus G cannot be HJ or G,(4). 
(f) Suppose that G = Sz. Then [8, p. 2471 1 G I = 
2 l3 . 3’ . 5* . 7 . 11 . 13. The smallest m such that 2** - 1 is divisible by 13 
is, it is readily checked, 6. Hence, from (4) and (7), dim K > 12. Since 
7*)] GI the degree of H is, by (4), at most 13. Hence, being either a 4n + 1 
or a 4n + 4, the degree of H is either 9, 12 or 13. But then the corresponding 
dimKis8, 10or 12.HencedimK=12andH=A,3;thusK=SO;2(2).As 
in (c) above let T be the centre of t and J = Stab, T, but now we have n = 3. 
Arguing as for case (c) we see that J< H, that T is in an orbit of size 78 
under H=A,,, and that the orbit of T under G has size IG:HI IH:JI. Thus 
this orbit under G has size 144 . 78 = 11,232. This is impossible since there 
are only 2’* - 1 = 4095 points in the whole PG( 11,2). Hence G cannot be 
SZ. 
(g) Suppose that G = Co(.l). Then [8, p. 2461 I GI = 2*’ * 39 * 
54 . 7* . 11 . 13 . 23. If m < 8 then 23 is not a factor of 22m - 1. Hence, by 
(4) and (7), dim K > 18. Since 17);]G] the degree of H is, by (4), at most 16. 
But dim K is smaller than the degree of H; we have a contradiction. Hence G 
is not Co(.l). 
Hence the only possibility is that G = K, and so the Theorem is proved. 
Notice, in conclusion, that A,,, 1 is a small maximal subgroup of SO,,(2) 
and A,,+, is a small maximal subgroup of SO,,+,(2). The ratio of the index 
of the subgroup to its order increases rapidly with n and is greater than 1 
when n = 3 [5, p. 2361. 
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